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Abstract. We study the problem of computing actual causes for neural
network (NN) predictions under structured input dependencies. Existing
explanation methods typically assume feature independence, which can
produce misleading explanations when inputs are causally related. To ad-
dress this limitation, we formalize explanations using Halpern and Pearl
actual causality within Structural Causal Models (SCMs). We reduce the
computation of actual causes to a NN verification problem by combining
differentiable relaxations with branch-and-bound verification techniques.
Our preliminary experiments indicate that the proposed method is ef-
fective and scalable for computing causal explanations of neural network
predictions.
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1 Introduction

Computing Actual Causality. We address the problem of computing actual
causality, as defined by by Halpern and Pearl [HP05, Hall6] and henceforth
referred to as HP actual causality, for the explanation of predictions made by
Neural Networks (NNs). By providing causal explanations for these predictions,
we contribute to the goal of explainable and trustworthy AI [ZTLT21|. Most
existing explanation methods for NN predictions rely on attribution scores typi-
cally under an implicit assumption of feature independence [SREG*25]. In prac-
tice, however, inputs often exhibit structured dependencies, and ignoring these
can lead to misleading or even spurious explanations [VT20, WWZ*23|. HP
actual causality provides a principled framework for identifying causes of spe-
cific outcomes, capturing counterfactual dependence, contingency reasoning, and
minimality. These properties make it particularly well-suited for explaining in-
dividual predictions. Computing HP actual causes has so far primarily been
studied in discrete, non-neural settings [LL13, CDF*22, IRP19, IP20, ACM26].

Overview of the Approach. We address this limitation by adopting a formal
notion of explanation based on HP’s actual causality to the neural setting. For
that we model dependencies between input features of a given NN using Struc-
tural Causal Models (SCMs) [Hall6]. Given a fixed input instance for the NN,
which corresponds to a context in the SCM, and the resulting NN prediction,
we compute HP actual causes for that decision. We reduce the search for these
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causes to a NN verification problem which we solve using a differentiable re-
laxation to determine candidate causes and branch-and-bound NN verification
techniques [WZX 121, XZW*21] to explore possible interventions.

Related Work. Closest to our work is the approach proposed in [ACM26].
It computes continuous relaxations of causal models enabling gradient-based
search for HP actual causes and improves scalability compared to symbolic ap-
proaches [IRP19, IP20|. However, [ACM26] yields only approximate solutions
whereas we provide formal guarantees along three key dimensions: (i) minimal-
ity of the computed causes, (ii) minimality and sufficiency of the set of used
contingencies, and (iii) the computation of all valid HP actual causes.

2 Background and Setup

Structural Causal Models ([Hal16/). An SCM is a tuple M = (U,V, F), where
U are exogenous variables, V' endogenous variables, and F' a set of structural
equations. A context u assigns values to all exogenous variables and determines a
unique assignment to all endogenous variables. In this work, we consider binary
SCMs, where X; € {0,1} and structural equations are defined using Boolean
functions.

Actual Causality (Modified Definition according to [Hall6]). Given a model M
and context u, a set of variables X = z is an actual cause of an outcome ¢ if:
(AC1) X =z and ¢ hold in the actual context, (AC2) changing X under some
contingency leads to —p, and (AC3) X is minimal. We compute actual causes
of NN predictions under structured input dependencies. We model dependencies
using a Structural Causal Model (SCM) M = (U,V,F). Instead of checking
individual counterfactuals, we reason about sets of possible inputs induced by
interventions and analyze them using NN verification.

Setup. A context u induces a factual assignment x to all variables, which serves
as input to a neural network f with output y = f(z). Our goal is to find mini-
mal subsets of variables that are actual causes of this prediction. We consider a
prediction change with respect to a decision threshold 7. We rewrite the boolean
structure of the SCM using continuous arithmetic expressions which allows for
reasoning on the SCM using continuous relaxations. An intervention on a can-
didate cause X (with contingencies restricted to their factual values) induces
not a single counterfactual, but a set of possible inputs. We represent this set
symbolically as a region.

3 Causality Computation Leveraging Verification

We present our algorithm computing HP actual causality according to conditions
AC1-AC3 (|Hall6]), shown in Algorithm 1, which leverages neural network ver-
ification.

For a candidate cause, the induced region defines a set of admissible inputs,
and causality reduces to verifying properties of the network over this region.
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Algorithm 1: Find All Minimal Causes

Input: Intervenable nodes V', Maximum cause size kmax, Threshold 7, NN f
Output: Set of minimal causes C*

1C 0
2 for each k-subset C CV, k=1,...,kmnax do
3 if3C" € C* s.t. C' C C then skip // minimality
4 Bo < boundia (SCM(C)) // feature bounds over contingency space
5 for method € {IBP, CROWN} do
6 [¢, h], o < method(f, Bo)
7 if £ > 7 then skip
8 if h < 7 then C* + C* U {C}; continue
9 Q + {Bo} // branch-and-bound queue
10 while Q # (0 do
11 B+ pop(Q); [4, h] < IBP(f, boundia (SCM, B))
12 if £ > 7 then prune
13 else if h < 7 then C* < C* U {C} break
14 else Q <+ Q Usplit(B, argmax; «;)

15 return C*

In particular, we check whether intervening on the candidate induces a change
in the prediction over the induced region under admissible contingencies. We
encode this as a property over the network outputs and analyze it using sound
bounds. Given output bounds over the region, we can (i) rule out candidates if
no input can change the prediction, (ii) accept candidates if all inputs flip the
prediction, or (iii) refine the region to establish existence of a counterfactual.
AC3 (minimality) is enforced by the search procedure.

We enumerate candidate causes up to size k in increasing size. For each can-
didate, we construct the induced region and analyze it using bound propagation
as follows: 1) We first compute coarse bounds using Interval Bound Propaga-
tion (IBP) [GDS™19], which propagates input intervals through the network to
obtain sound output bounds. 2) If the bounds show that the prediction cannot
change, we discard the candidate; if they guarantee a change, we accept it. If in-
conclusive, we refine bounds using CROWN [ZWC™ 18], which computes tighter
linear relaxations of the NN and provides sensitivity information («) used to
guide branching. 3) For the remaining cases, we apply branch-and-bound. We
iteratively split the region by fixing additional variables, recompute bounds, and
prune or refine accordingly.

Soundness. Algorithm 1 enumerates all minimal actual causes up to size k,
as the size-ordered search explores all candidates while pruning only infeasible
regions and supersets of discovered causes.



4 Strobel et al.
4 Experimental Results

Ezperiments. We conducted preliminary experiments on the Steal Master Key
(SMK) [IP20], a parametrized SCM representing a security protocol combined
with a neural network that takes all endogenous and exogenous variables as input
and predicts a risk score. We compared the performance of our approach against
three baseline methods. (1) Brute Force (BF): Exhaustive combinatorial search
over all possible variable sets and witnesses. (2) Integer Linear Programming
(ILP): We encoded the cause search based on the ILP encoding of [IP20] and
encoded the neural network using Big-M constraints. We employed an MINLP
solver [HBB*25| and searched for all feasible causes. (3) Actual Causes Identifi-
cation (ACI): A heuristic search-based approach [RDD25].

Results. The experimental results show that in the majority of cases, our method
outperforms the baseline approaches with respect to the NN size, the maximum
cause size and the number of users in the SMK benchmark. While BF and ILP-
based methods quickly become intractable, and ACI often returns only partial
causes, our approach consistently computes complete causes.

5 Conclusion

We compute actual causes of neural network predictions under structured causal
inputs using branch-and-bound and neural network verification, with formal
guarantees. Future work includes evaluation on larger networks and real-world
datasets, and integrating gradient-based candidate generation with verification-
based refinement.
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